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Abstract
The behavior of a scalar field theory near the event horizon in a rotating black hole background
can be effectively described by a two dimensional field theory in a gauge field background. Based
on this fact, we proposal that the quantum tunneling from rotating black hole can be treated
as “charged” particle’ s tunneling process in its effectively two dimensional metric. Using this
viewpoint and considering the corresponding “gauge charge” conservation, we calculate the non-
thermal tunneling rate of Kerr black hole and Myers-Perry black hole, and results are consistent
with Parikh-Wilczek’ s original result for spherically symmetric black holes. Especially for Myers-
Perry black hole which has multi-rotation parameters, our calculation fills in the gap existing in
the literature applying Parikh-Wilczek’ s tunneling method to various types black holes. Our
derivation further illuminates the essential role of effective gauge symmetry in Hawking radiation
from rotating black holes.
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1. INTRODUCTION
Hawking radiation arises upon the quantum effect of matter in a classical background
spacetime with an event horizon. It therefore plays an important role in black hole physics.
Apart from Hawking’ s original derivation[1], there are many other approaches in literature.
In 2000, Parikh and Wilczek put forward a semiclassical framework to implement Hawking
radiation as a tunneling process across the horizon of the static spherically symmetric black
holes and demonstrated that the emission spectrum of black hole radiance is not strictly
pure thermal if the energy conservation (or self-gravitation) is considered[2]. Their results
are considered to be in agreement with an underlying unitary theory, and thus could pro-
vide insight into the information loss paradox[3, 4]. Following Parikh-Wilczek’ s tunneling
method, various spherically symmetric black holes are studied[5], and all the obtained re-
sults are very successful to support the Parikh-Wilczek’ s prescription. Parikh-Wilczek’ s
original calculation only considered the tunneling process of a massless and uncharged par-
ticle, recently it is shown that such tunneling method can be easily extended to study the
massive[6] and charged particle’s tunneling process[7]. For the charged particle’s tunneling,
both the energy conservation and charge conservation should be taken into account.
There also have a lot of attempts to extend the tunneling approach of Hawking radiation
to the case of some stationary rotating black hole backgrounds[8]. There are two key tricks
to calculate the tunneling rate of rotating black hole. First, due to the rotation degree
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of freedom, the tunneling particle might contain angular momentum. Thus, in order to
investigate the tunneling process from a rotating black hole, not only the energy conservation
but also the angular momentum conservation should be considered. Second, one must
consider the dragging effect in a rotating black hole spacetime since the physical field must
be dragged also in a rotating background spacetime. Thus, the description of the tunneling
process must be within a dragging coordinate system. For various rotating black hole with
only one rotation parameter, their dragging coordinate systems can be well defined and thus
Parikh-Wilczek’ s tunneling method has been successful applied. Other recent work in this
direction can be found in [13, 14]
However, when we considered the high dimensional rotating black hole with more than one
rotation parameters, things becomes more complicated. In such case, a dragging coordinate
system which can eliminate all the rotation degree of freedoms, usually cannot be found.
Due to this difficulty, up to now, most of the studies are focus on the rotating black holes
with only one rotation. To see the universality of Hawking radiation, it is meaningful to
extend Parikh-Wilczek’ s tunneling method to more general black hole with more than one
rotational parameters.
On the other hand, it is known that a (n + 1)-dimensional black hole metric effectively
becomes a 2-dimensional spherically symmetric metric by using the technique of the di-
mensional reduction near the horizon[9–11]. Such effective 2-dimensional metric has a very
simple form, and thus Parikh-Wilczek’ s tunneling method can be easily used[12]. For ro-
tating black hole, each partial wave of quantum fields in black hole background can be
interpreted as a (1 + 1)-dimensional charged field in an effective gauge field background.
In this case, a rotation degree of freedom effectively becomes a gauge degree of freedom.
Multi-rotations mean multi-gauge fields. This feature leads to a interesting question. That
is, when one investigate the tunneling process in rotating background, the conservation of
angular momentum should be considered, now for its effective 2-dimensional metric, how
can one apply the tunneling method? This question needs answer. Furthermore, it has
been argued that both entropy and Hawking radiation of black holes are deeply connected
to the conformal symmetry arising near the horizon[9, 10, 15]. For rotating black holes, its
effective gauge symmetry near the horizon is at the heat of connections between conformal
symmetry and black hole radiation[10, 15]. Thus, investigating Hawking radiation from the
effective two dimensional metric near the horizon not only shows the universality of Hawk-
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ing radiation, but also might shed the light on holographic dual of black hole physics and
conformal field theory.
Combine above reasons, in this paper we are going to investigate the Hawking radiation
as tunneling process form two rotating black holes by using the dimensional reduction tech-
nique. We consider two types of rotating black holes, which are 4-dimensional Kerr black
hole and D-dimensional Myers-Perry black hole with multi-rotations. It is shown that using
their effective 2-dimensional metric from dimensional reduction, the tunneling process of the
particle with angular momentum can be treated as the “charged” particle’s tunneling process
and the obtained results support the Parikh-Wilczek’ s prescription. Thus this investigation
fills in the gap existing in the literature applying Parikh-Wilczek’ s tunneling method to
various types black holes. Our investigation emphasizes the essential role of effective gauge
symmetry in derivation of tunneling rate of rotating black holes, which may suggest new
insight on the understanding of black hole radiance.
This paper is organized as follows: In section 2, by using the effective two dimensional
metric from dimensional reduction of a scalar field action in Kerr black hole background, we
consider the “charged” particle’s tunneling from this two dimensional metric and calculate
its tunneling rate. In section 3, we extend this analysis to Myers-Perry black hole. The last
section is devoted to conclusions.
2. “CHARGED” PARTICLE’S TUNNELING FROM KERR BLACK HOLE
In this section, we consider the quantum tunneling from Kerr black hole, whose line
element can be written in the form
ds2 = − ∆
r2 + a2 cos2 θ
(
dt− a sin2 θdϕ)2 + sin2 θ
r2 + a2 cos2 θ
(
adt− (r2 + a2)dϕ)2
+
(
r2 + a2 cos2 θ
)(dr2
∆
+ dθ2
)
, (2.1)
where
∆ = r2 − 2Mr + a2 = (r − r+)(r − r−), (2.2)
and r+(−) are radius of outer (inner) horizons
r± = M ±
√
M2 − a2. (2.3)
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Now we begin to apply the technique of the dimensional reduction near the horizon of
Kerr black hole. For simplicity, we consider a scalar field in the Kerr black hole background,
whose action is
S =
1
2
∫
d4x
√−ggµν∂µφ∂νφ+ Sint
=
1
2
∫
dtdrdθdϕ sin θφ
[(
(r2 + a2)2
∆
− a2 sin2 θ
)
∂2t + 2a
(
r2 + a2
∆
− 1
)
∂t∂ϕ
−∂r∆∂r − 1
sin2 θ
∂θ sin
2 θ∂θ − 1
sin2 θ
(
1− a
2 sin2 θ
∆
)
∂2ϕ
]
φ+ Sint, (2.4)
where Sint represents the mass, potential and interaction terms. By performing the partial
wave decomposition of φ in terms of the spherical harmonics
φ =
∑
l,m
φlm(t, r)Ylm(θ, ϕ), (2.5)
the theory is reduced to a two-dimensional effective theory with an infinite collection of fields
with quantum numbers (l, m). Upon transforming to the r∗ tortoise coordinate, defined by
dr∗
dr
=
r2 + a2
∆
= f(r)−1, (2.6)
and considering the region near the outer horizon r+, one finds that the effective radial
potentials for partial waves or mixing terms between fields with different angular momenta
contain a suppression factor and vanish exponentially fast near the horizon. Also we can
ignore all the terms in Sint due to the same reason. After this analysis, one can obtain[10]
S =
∫
dtdr(r2 + a2)φ∗lm
[
r2 + a2
∆
(
∂t +
iam
r2 + a2
)2
− ∂r ∆
r2 + a2
∂r
]
φlm. (2.7)
From above one finds that φlm can be considered as a (1 + 1)-dimensional complex scalar
field in the backgrounds of the dilaton Φ, metric gµν and U(1) gauge field Aµ,
Φ = r2 + a2, (2.8)
gtt = −f(r), grr = f(r)−1, gtr = grt = 0, (2.9)
At = − a
r2 + a2
, Ar = 0. (2.10)
The U(1) gauge charge of the two dimensional field φlm is m.
From the action (2.7) we can see that the 4-dimensional Kerr metric behaves as the
2-dimensional spherically symmetric line element in the region near the horizon
ds22 = −f(r)dt2 +
1
f(r)
dr2. (2.11)
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Because the tunneling method deals with the region very close to the horizon, one can
investigate the quantum tunneling effect of Kerr black hole by using this two dimensional
metric[12]. To describe the across-horizon phenomena, we should introduce the Painleve´-like
coordinate system by the transformation
dtk = dt+
√
2Mr
1− 2Mr
r2+a2
dr, (2.12)
then the Painleve´-like coordinate is given by
ds2 = −
(
1− 2Mr
r2 + a2
)
dt2k + 2
√
2Mr
r2 + a2
dtkdr + dr
2. (2.13)
The radial null geodesics are given by
r˙ = ±1−
√
2Mr
r2 + a2
, (2.14)
with the upper(lower) sign corresponding to outgoing (ingoing) geodesics.
Since we are considering a rotating black hole, so the rotation degree of freedom should
be well addressed also. Thus, when we consider the tunneling process near the horizon,
both the energy conservation and angular momentum conservation should be taken into
account. From action (2.7) we can see that only the magnetic quantum number m of
particle is relevant near the horizon, and the particle which contains quantum number m
behaves as a “charged” particle with gauge charge m in the background gauge field Aµ.
In this picture, the angular momentum conservation means gauge charge m conservation.
Thus we can treat the tunneling process as the “charged” particle’s tunneling. Moreover,
if the self-gravitation of the tunneling particle is included, eq.(2.14) should be replaced by
M → M − ω, a = J
M
→ a′ = J−m
M−ω
, thus
r˙ = ±1 −
√
2(M − ω)r
r2 + a′2
, (2.15)
where ω is the particle energy and J is the total angular momentum of Kerr black hole.
When we investigate a charged particle’ s tunneling process, the effect of the gauge field
should be taken into account. To include the gauge field effect, we write the lagrangian
function of the system as L = LA + Lm, where LA = −FµνF µν/4 is the lagrangian function
of the gauge field corresponding to the generalized coordinates Aµ = (− ar2+a2 , 0). When
a charged particle tunnels out, the system transit from one state to another. But from
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the expression of LA we find that At is an ignorable coordinate. To eliminate the freedom
corresponding to At, the action should be written as
I =
∫ tf
ti
(L− PAtA˙t)dt, (2.16)
which is related to the emission rate of the tunneling particle by
Γ ∼ e−2ImI . (2.17)
Therefore, the imaginary part of the action is
ImI = Im
∫ tf
ti
[
Pr − PAtA˙t
r˙
]
dr = Im
∫ (Pr ,PAt )
(0,0)
[
dP ′r −
A˙t
r˙
dP ′At
]
dr, (2.18)
where PAt is the gauge field’s canonical momentum conjugate to At. To proceed with
an explicit calculation, we now remove the momentum in favor of energy by applying the
Hamilton’s equations
r˙ =
dH
dPr
∣∣∣∣
(r;At,PAt)
=
d(M − ω′)
dPr
, (2.19)
A˙t =
dH
dPAt
∣∣∣∣
(At;r,Pr)
= − a
′
r2 + a′2
dm′
dPAt
, (2.20)
where a′ = J−m
′
M−ω′
and dH(At;r,Pr) represents the energy change of the black hole because of
the loss of the gauge charge m when a particle tunnels out.
Substituting Eqs. (2.15), (2.19) and (2.20) into Eq. (2.18), and noting that we must
choose the positive sign in Eq. (2.15) as the particle is propagating from inside to outside
the event horizon, then we have
ImI = Im
∫ M−ω,m
(M,0)
∫ rf
ri
[
d(M − ω′) + a
′
r2 + a′2
dm′
]
dr
1−
√
2(M−ω′)r
r2+a′2
. (2.21)
We see that r = r′+ = M − ω′ +
√
(M − ω′)2 − a′2 is a single pole in above equation. The
integral can be evaluated by deforming the contour around the pole. In this way we obtain
ImI = −2π
∫ (M−ω,J−m)
(M,J)
r′2+ + a
′2
r′+ − r′−
[
d(M − ω′)− a
′
r′2+ + a
′2
d(J −m′)
]
, (2.22)
where r− = M − ω′ −
√
(M − ω′)2 − a′2. In above we have used dm′ = −d(J −m′). Notice
that the Hawking temperature on the horizon of Kerr black hole is
T ′ =
r′+ − r′−
4π(r′2+ + a
′2)
. (2.23)
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Thus we have
ImI = −1
2
∫ (M−ω,J−m)
(M,J)
1
T ′
[
d(M − ω′)− a
′
r′2+ + a
′2
d(J −m′)
]
= −1
2
∆SBH, (2.24)
where ∆SBH is the difference of the entropies of the black hole before and after the emission.
The tunneling rate is therefore
Γ ∼ e−2ImI = e∆SBH , (2.25)
which is consistent with the result in [2] obtained from spherically symmetric black holes.
3. “CHARGED” PARTICLE’ S TUNNELING FROM MYERS-PERRY BLACK
HOLE
The Kerr black hole in 4-dimensional spacetime only has one rotation, in this section, we
turn to consider the quantum tunneling from Myers-Perry black hole which has more than
one rotation parameters. In the D = 2n + 1 + ǫ (ǫ = 0 or 1) dimensions, the metric of the
Myers-Perry black hole is given by [11]
ds2 = −dt2 + ǫr2dα2 +
n∑
i=1
(r2 + a2i )
(
dµ2i + µ
2
idφ
2
i
)
+
µr2−ǫ
ΠF
(
dt−
n∑
i=1
aiµ
2
idφi
)2
+
ΠF
Π− µr2−ǫdr
2, (3.1)
where
F = 1−
n∑
i=1
a2iµ
2
i
r2 + a2i
, (3.2)
Π =
n∏
i=1
(r2 + a2i ). (3.3)
The following constraint is imposed for µi (i = 1, 2, · · · , n) and α,
n∑
i=1
µ2i + ǫα
2 = 1, (0 ≤ µi ≤ 1, − 1 ≤ α ≤ 1). (3.4)
This metric describes a black hole spacetime with the mass M = (D−2)AD−2
16πG
µ and angular
momenta 2
D−2
Mai in the φi-directions, where AD−2 is the volume of S
D−2. This black hole
is stationary and has U(1)n isometries with the Killing vectors ∂φi . We assume the existence
of horizons located at positive solutions of Π− µr2−ǫ = 0.
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The action of a scalar field in Myers-Perry background is
S =
1
2
∫
d4x
√−ggµν∂µφ∂νφ+ Sint (3.5)
By performing the expansion of scalar field φ by the Ym1...mn(µi, φi), which is the spherical
harmonics on SD−1, i.e.,
φ =
∑
mi
φm1...mn(t, r)Ym1...mn(µi, φi), (3.6)
then the physics of scalar field near the horizon can be effectively described by an infinite
collection of massless (1 + 1)-dimensional fields with following action,
S =
∫
dtdr(µr)φ∗m1...mn
[
Π
Π− µr2−ǫ
(
∂t +
n∑
i=1
imiai
r2 + a2i
)
− ∂rΠ− µr
2−ǫ
Π
∂r
]
φm1...mn .
(3.7)
From this action we find that φm1...mn can be considered as a (1+1)-dimensional complex
scalar field in the background of the dilaton Φ, metric gmuν and U(1) gauge fields A
(φi)
µ ,
Φ = µr,
gtt = −Π− µr
2−ǫ
Π
= −f(r), grr = Π
Π− µr2−ǫ =
1
f(r)
, gtr = 0,
A
(φi)
t = −
ai
r2 + a2i
, A(φi)r = 0. (3.8)
The partial wave φm1...mn has the U(1) charge mi for each gauge field A
(φi)
µ .
From the action (2.7) we can see that the D-dimensional Myers-Perry metric behaves as
the 2-dimensional spherically symmetric line element in the region near the horizon
ds22 = −f(r)dt2 +
1
f(r)
dr2. (3.9)
Because the tunneling method deals with the region very close to the horizon, one can inves-
tigate the quantum tunneling effect of Myers-Perry black hole by using this two dimensional
metric. To describe the across-horizon phenomena, we should introduce the Painleve´-like
coordinate system by the transformation
dtk = dt+
√
Πµr2−ǫ
Π− µr2−ǫdr, (3.10)
then the Painleve´-like coordinate is given by
ds2 = −
(
Π− µr2−ǫ
Π
)
dt2k + 2
√
µr2−ǫ
π
dtkdr + dr
2. (3.11)
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The radial null geodesics are given by
r˙ = ±1 −
√
µr2−ǫ
Π
, (3.12)
with the upper(lower) sign in Eq. (2.14) corresponding to outgoing (ingoing) geodesics.
For the tunneling process in Myers-Perry background, both the energy conservation and
angular momentum conservation should be taken into account. From action (3.7) we can
see that only the magnetic quantum number mi of particle is relevant near the horizon,
and the particle which contains quantum number mi behaves as a “charged” particle with
gauge charge mi in the background gauge field A
(φi)
µ . In this picture, the angular momentum
conservation means gauge charge mi conservation. Thus we can treat the tunneling process
as the “charged” particle’s tunneling. Unlike Kerr black hole, here the tunneling particle
can contains multi gauge charges.
To include the gauge field effect in the tunneling process, we write the lagrangian function
of the system as L =
∑
i LA(φi) + Lm, where LA(φi) = −F (φi)µν F (φi)µν/4 is the lagrangian
function of the gauge field corresponding to the generalized coordinates A
(φi)
µ = (− air2+a2i , 0).
When a charged particle tunnels out, the system transit from one state to another. But
from the expression of LA(φi) we find that A
(φi)
t is an ignorable coordinate. To eliminate the
freedom corresponding to A
(φi)
t , the action should be written as
I =
∫ tf
ti
(L−
∑
i
P
A
(φi)
t
A˙
(φi)
t )dt, (3.13)
the imaginary part of the action is written as
ImI = Im
∫ tf
ti

Pr −∑
i
P
A
(φi)
t
A˙
(φi)
t
r˙

 dr
= Im
∫ (Pr ,P
A
(φi)
t
)
(0,0)
[
dP ′r −
∑
i
A˙
(φi)
t
r˙
dP ′
A
(φi)
t
]
dr, (3.14)
where P
A
(φi)
t
is the gauge field’s canonical momentum conjugate to A
(φi)
t . To proceed with
an explicit calculation, we now remove the momentum in favor of energy by applying the
Hamilton’s equations
r˙ =
dH
dPr
∣∣∣∣
(r;A
(φi)
t ,P
A
(φi)
t
)
=
d(M − ω′)
dPr
, (3.15)
A˙
(φi)
t =
dH
dP
A
(φi)
t
∣∣∣∣∣
(A
(φi)
t ;r,Pr)
= − a
′
i
r2 + a
′2
i
dm
′
i
dP
A
(φi)
t
, (3.16)
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where a
′
= J−m
′
M−ω
′ and dH(A(φi)t ;r,Pr)
represents the energy change of the black hole because of
the loss of the gauge charge mi when a particle tunnels out.
Combining Eqs. (3.12), (3.15) and (3.16), and noting that we must choose the positive
sign in Eq. (3.12) as the particle is propagating from inside to outside the event horizon,
then Eq. (3.14) can be expressed as
ImI = Im
∫ (M−ω,mi)
(M,0)
∫ rf
ri
[
d(M − ω′) +
∑
i
a
′
i
r2 + a
′2
i
dm′
]
dr
1−
√
µ
′
r2−ǫ
Π′
. (3.17)
We see that there is a single pole located at the horizon r = r
′
+. The integral can be
evaluated by deforming the contour around the pole. In this way we obtain
ImI = −
∫ (M−ω,Ji−mi)
(M,J)
2π
f ′(r+)
[
d(M − ω′)−
∑
i
a
′
i
r′2+ + a
′2
i
d(Ji −m′i)
]
, (3.18)
where f ′(r+) =
df(r)
dr
|r=r+. In above we have used dm′i = −d(Ji − m′i). Notice that the
Hawking temperature on the horizon of Kerr black hole is
T ′ =
f ′(r+)
4π
. (3.19)
Thus we have
ImI = −1
2
∫ (M−ω,Ji−mi)
(M,Ji)
1
T ′
[
d(M − ω′)−
∑
i
a
′
i
r′2+ + a
′2
i
d(Ji −m′i)
]
= −1
2
∆SBH, (3.20)
where ∆SBH is the difference of the entropies of the black hole before and after the emission.
The tunneling rate is therefore
Γ ∼ e−2ImI = e∆SBH , (3.21)
which is consistent with the result in [2] obtained from spherically symmetric black holes.
4. CONCLUSIONS AND DISCUSSIONS
In this paper, the dimensional reduction technique is applied to investigate the quantum
tunneling process from rotating black hole backgrounds. We have found that the quantum
tunneling from rotating black holes can be treated as the “charged” particle’ s tunneling
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process in the reduced two dimensional spacetime background. This is the essential obser-
vation in this paper. With this essential viewpoint, we have shown that Parikh-Wilczek’ s
tunneling method can be successfully applied to two types of rotating black holes, which are
Kerr black hole in 4 dimensional spacetime and Myers-Perry black hole with multi-rotation
parameters in D dimensional spacetime. The obtained tunneling rates are non-thermal and
consistent with Parikh-Wilczek’s original result for spherically symmetric black holes. Es-
pecially for Myers-Perry black hole, our calculation fills in the gap existing in the literature
applying Parikh-Wilczek’s tunneling method to various types black holes.
On the other hand, the dimensional reduction shows that near the horizon, except mag-
netic quantum number, any physical scale of the tunneling particle is sweeps away due to the
exponential blueshift associated with the event horizon. This magnetic quantum number
behaves as the conservation charge of the effective U(1) gauge symmetry near the horizon.
The manifestation of such effective gauge symmetry has played an essential role in studying
Hawking radiation from rotating black holes. In quantum anomaly method, the Hawking
flux of the thermal radiation from rotating black hole is deeply connected to anomalies of
such effective gauge symmetry[10, 11], and in this paper we applied this gauge symmetry
in quantum tunneling method. Our study here further shows that the manifestation of
the effective gauge symmetry near the horizon in rotating black hole is deeply related to
Hawking radiance. It provides a new perspective for understanding black hole radiance and
might shed the light on the connection between the conformal symmetry and black hole
radiance[15].
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